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(54) Coding for the reduction of peak to average power ratio in multicarrier modulation systems 



(57) The encoding/transmission of information in an 
OFDM system is enhanced by using complementary 
codes. The complgjcnentary codes, more particularly, 
are converted into phase vectors and the resulting 



phase vectors are then used to modulate respective car- 
rier signals. The modulated result "i^*" then transdi|ted_^to 
a receiver which decodes the received signals to recov- 
er the encoded information. 
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Description 

FIELD OF THE INVENTION 

5 The invention relates to the modulation of data for transmission in a digital communications system. 

BACKGROUND OF THE INVENTION 

In a system employing Orthogonal Frequency Division Multiplexing (OFDM), groups of kN bits are typically trans- 
TO mitted simultaneously over N subchannels, with k bits per channel using some form of Quadrature Amplitude Ivlodu- 
lation. If N is made large enough at a constant bit rate, then a subchannel may experience minimum intersymbol 
interference, but may still be subject to narrowband fading. The effect of such fading may be different for each subchan- 
nel. Also, when N sinusoidal signals respectively defining the subchannels are summed with the same phase for trans- 
mission in an OFDM system, the result creates a peak-to-average power (PAP) ratio that is typically N times larger 
IS than the average power level used in the transmission of a single symbol. Because of this, an OFDM transmitter has 
to use a linear power amplifier having a large "backoff corresponding to the PAP ratio. 

Disadvantageously, then, a decrease in efficiency occurs as the PAP ratio increases. This problem is especially acute 
when OFDM is used in portable devices where power efficiency is a key concern. 



20 SUMMARY OF THE INVENTION 

We have recognized that the aforementioned problem may be dealt with using soolled complimentary codes that 
have been modified in accord with particular phase modulation. Specifically. M input phases, e.g.. four phases, directly 
related to input data may be encoded into N, e.g.. eight, output phases associated with respective carrier signals, in 
25 which a phase shift. % is applied to a carrier (subchannel) to achieve a low PAP ratio, e.g.. 3 dB. 

A receiver receiving the transmitted signal demodulates the N carriers and, by using a fast Fourier transform , 
obtains N vectors respectively defining the N phases and thus the input data. In the event that a number of carrier 
signals, e.g.. three, are lost during the transmission, the input data may still be recovered in accord with an aspect of 
the invention. 

30 These and other aspects of the invention will be appreciated from the ensuing detailed desdilption wheoa^ad^in 

conjunction with drawings. 

BRIEF DESCRIPTION OF THE DRAWINGS 



35 In the drawings: 

FIG. 1 illustrates in block diagram form a wireless system composed of a transmitter and receiver arranged jn 
accord with the principles of the invention; and 

40 FIG. 2 illustrates in more detail the receiver of FIG. 1 ^ 

DETAILED DESCRIPTION ^ " 

In accordance with an illustrative embodiment of the invention, a set or sequence of complimentary codes of a 
45 desired length, e.g.. a length 8 code, may be generated starting with a so-called kernel of the desired length. One 
possible kernel for generating codes of length 8 may be, for example, the series {111 -111-11 }. (The rules for generating 
a kemel are discussed in the article entitled 'Complementary SeriesV by M. J. E. Golay, published in the IRE Trans- 
actions on Information Theory, vol. IT-7. pp. 82-87. April, 1961. which is hereby incorporated by reference.) Once a 
particular kernel has been selected, then independent phase rotations are applied to the elements (bits) forming the 
so selected kernel. This may be done using a particular transformation comprising, e.g., eight columns, each column 
having a different group of individual ones of a predetermined number of phases, e.g., four phases, (p^, cpg. <P3 and tp4, 
as follows: 
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(p1 (pi (pi Cpi Cpi (pi (pi (p, 

(p2 0 (P2 0 (P2 0 (p2 0 

(P3 <P3 0 0 Cp3 (p3 0 0 

(P4 (p4 (P4 (p4 0 0 0 0 

The phase angles (also referred to herein as constellation symbols or just symbols), (p,, forming each of the columns 
are then applied to the elements of the kernel to form a complementary code, as shown by the following expression; 

c={e ,e .e .-e ,e ,e , e } (1) 

The vectors forming the complementary code may be represented by respective output phases through Gq and 
may be formed as illustrated by the following transformation derived in accordance with equation 1 : 



G, = cp^ + + + (p^ 
©2 = ^1 + ^3 + ^4 

30 ^ ^3 = 9i + ^2 + ^4 

G^ = (p^ + cp^ + 7t 
65 = cp, + <P2 + 

^6 = ^1 + ^3 

* 

G^ = (p^ + (p2 + _ _ _ _ 

^5 Gq = cp^ 

The eight phases G^ through Gg may then be used to respectively modulate eight OFDM subcarriers as is done 
conventionally in an OFDM system, as discussed below. 

Specifically, assume that OFDM transmitter 100, FIG. 1, embodying the principles of our invention receives via 
encoder circuit 30 a stream of data bits from a source of data bits 25. Encoder circuit 30, which may be, for example, 
a conventional digital signal processor, partitions the data stream as it is received into successive groups of twelve 
bits each group and stores each such group as it is formed in internal memory (not shown). Encoder circuit 30 then 
unloads a group of stored data bits from the intemal memory, encodes the data bits in accordance with the principles 
of the invention and supplies the result to Inverse Fast-Fourier Transform (IFFT) processor 40. Encoder circuit 30, 
more particularly, first encodes the group of twelve bits that it unloads from intemal memory into, for example, four 
8-PSK (phase shift keying) phases as is done conventionally for 8-PSK in general. For example, subgroups of three 
bits (also referred to herein as a data word) may be converted to 8-PSK using so-called Gray scale encoding such that 
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the subgroup 0,0,0 is encoded as 0: 0,0.1 is encoded as k/4: 0.1,1 as tc/2. and so on as illustrated by the tollowlng 
translation table. 



bits 


phase 


000 


0 


001 


jt/4 


Oil 


K/2 


010 


37C/4 


110 


7C 


111 


57t/4 


101 


67C/4 


100 


77t/4 



Encoder circuit 30 associates the four subgroups of data bits of a group with a respective one of the constellation 
symbols q>j. That is, encoder 30 associates the first subgroup of three bits of a group of bits with the symbol ipi, and 
associates the next (second) subgroup of three bits with the symbol <p2, and so on. For example, assume that a group 
is composed of the following series of bits; 11101010001. The subgroup encoding and <pj symbol associations based 
on the above translation table stored in memory would be as follows: 



111 


57t/4 


<Pi 


010 1 


371/4 


<P2 


100 


7n/4 


93 


001 1 


k/4 


^4 



Encoder circuit 30 then generates through % in accord with the above transformations for Gj. For example, as 
indicated above 6^ = cp, + + (P3 + <p4. then, for the present illustrative example, 6^ = 5k/4 + 37i/4 + 77t/4 + n/4. Similarly. 
62 = 57t/4 + 7jc/4 + k/4, 63 = 5k/4 + 3jc/4 + k/4; and so on. Note that the values of symbols tp^ through (p^ would be 
different for a subgroup having a different combination of twelve bits, e.g., 000101110011. HoweVer, note th^ymbol 
<py. regardless of its, value, is associated with the first subgroup of bits of a group, and symbol (p^ is associated with 
the last subgroup of bits of that group. When encoder circuit 30 has completed the generation of the eight phases 
through 63, it then supplies the values for those phases to IFFT processor 40. which may be. for example. ^ conventional 
digital signal processor (DSP). Moreover the DSP that implements the encoder 40 function may be programmed to 
also implement the IFFT 40 function. IFFT processor 40. more particularly converts the data from the time domain to 
the frequency domain using the inverse of the Fast Fourier transform to generate respective phase vectors. Processor 
40 then modulates a plurality, e.g., eight, digital carriers respectively using the values of the eight phase vectors formed 
by Gi through Qq. That is, IFFT processor 40 modulates a carrierj (channel^) using the value of a respective phase vector- 
Gj. IFFT processor 40 then outputs the result to conventional analog to digital converter circuit 45. which converts the 
digital signals it receives from IFFT processor 40 to analog signals. The analog signals are then supplied to RF trans- 
mitter 50 which modulates the analog signals onto an RF carrier e.g., a 5.2 GH3 carrier, and supplies frie result to 
antenna 55 for transmission to wireless type receivers, e.g.. receiver 200. Encoder circuit 30 (OFDMTflrisrniTT^r'lOO)" 
then goes on to similarly process the next the group of data bits stored in the aforementioned intemal memory 

Receiver 200. FIG 2. more particularly, includes a conventional RF section 230 for receiving the resulting composite 
signal via antenna 256 and processing (downconverting) the signal in a conventional manner as it is received. The 
processed result is then supplied to conventional analog to digital converter 245 which converts the processed result 
to corresponding digital signals. The digital signals are then supplied to Fast Fourier Transform (FFT) processor 240 
which demodulates the N carriers. Processor 240 does this by performing a FFT on the digital signals supplied by 
converter 245. The output of FFT processor 240 comprises N (where N = eight for the present illustrative example) 
vectors (in-phase and quadrature samples), representing the amplitudes and phases of the N different subchannels, 
as illustrated by the following expression: 



55 



^ _ g(5/c/4 + 3it/4 + 7n/4 + jc/4) ^K5n/4 + 7n/A+ n/4) gi(5ii/4 + 3ji/4 + it/4) 
i(Sn/4+ii/4) i(Sjc/4+3rt/4 + 7it/4) ](Sn/4 + 7jt/4) j(5rt/4 + 3n/4) j5rc/4 

-e , e , e , -e , e 
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The N vectors are supplied to decoder 230 which then decodes the output of the FFT to determine the values of 
the respective phase symbols ip,. Such decoding, in accord with an aspect of the invention, is applied to altemating 
elements of the complementary code in which each of the complex odd samples of the FFT output is multiplied against 
a paired complex conjugate of the even samples. A summation of the result of each multiplication forms a vector which 
has the value of the sought-after phase angle (symbol (p,). This procedure may be followed for even and odd pairs of 
the samples as well as quads, etc. Decoder 230, more particularly and in accordance with this decoding technique, 
combines rj with a complex conjugate of the kemel code used to form the complementary code in the encoding of the 
group of data bits at the transmitter One such kemel code may be. for example, {111-111*11}, as mentioned above. If 
that is the case, then and ry are inverted - meaning that the sign of the resulting multiplication for r^^ and Vj is positive. 
(For notational purposes, the following equates the received digital signals (samples) with Xj. respectively.) Decoder 
230 then generates three vectors yg. and as a function of respective ones of the digital samples Xj. 

More specifically, and as discussed above, transmitter 100 encodes phases to <p4 into eight phases 9^ through 
Oa in accord with the aforementioned transformation, in addition, receiver 200 rsmcvcG the effect of the kernel uodti 
on the received signal by multiplying the elements of vector rj by the kernel code and expressing the phase encoding 
in matrix form as follows: 



e = Atp 



20 



where 6 and cp are vectors containing the values of the eight phases 6; and four tp^ phases and A is an encoding matrix 
as follows: 
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Using the matrix, receiver 200 may then determine the values of the encoded phases cpj from the measured phases 
e, by determining a least-squares solution for the linear equations represented by the matrix as follows: 
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<p=pe. P = (A'^Ar^A'^ = J 
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Where P is the pseudo-inverse of A and superscript T denotes a matrix transpose. Unfortunately such equations are 
not completely linear, since the phase values are modulo 2k. Because of this, the above method cannot be applied 
directly to determining the values for (pj. However, an inspection of the A-matrix reveals that the phases cpg, <P3 and <p^ 
may be determined as a summation of 4 subtracted 9j pairs, as mentioned above. For example, each of the subtractions 
01-02, 63-64, G5-66 and Bj-Qq provide a value for tpg A preferable way to get the phase difference between two vectors 
is to multiply one vector with the complex conjugate of the other vector Doing so leads to the inventive decoding 
procedure in which three vectors y^, y^, y4 are determined as follows: 



yg - x^x 2 + X3X 4 + XgX*g + Xy^x*g 
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where * means complex conjugate and where the arctan of the angle between the* real and imaginary parts of each 
term respectivety forming vectors y2 through provides the value of the corresponding phase symbol <P2 through (P4, 
respectively. (It is noted that the decoding technique used to derive the pairing of the elements forming each term of 
10 each of the above vectors may also be determined by inspection in which the difference between each pair of elements 
provides the value of the sought after phase angle.) For example, the value of vector yg is determined as follows for 
the instant illustrative example of the invention: 



A determination of the value of each temn of vector y2 thus leads to a determination of the phase value of <p2. which, 
25 for the present illustrative example is 37i/4. In practice, the determination would be an estimate of cp2- Decoder 230 
deal with that problem by "rounding off" the estimated value to the nearest constellation phase selected for the encoding 
at transmitter 30, e.g., 8-PSK constellation, to generate a more accurate value for cpg. 

Decoder 230 then similarly generates phase estimates of 93 and (P4 as a function of vectors y3 and y^. respectively 
and "rounds off" those estimates in a simitar manner. Doing so, yields, in accord with the present illustrative example, 
30 phase values of 7kJA and jt/4 for 93 and <p4, respectively. _ . 

Once decoder^30 has determined the phase values of (P2, tpa and 94 it may then determine the value of (p,. 
However note thatXhe phase (p-, is present in all 0} equations as illustrated by the above transformation table. Conse- 
quently. <pi cannot be expressed as a subtraction of two 6} values, as was done for the other phases. However, since 
all phases except for tp^ can be determined in the manner discussed above^ then the values for those phases can 
35 simply be substituted in the % equations to create eight equations with only one unknown as one way of obtaining eight 
estimates for cp^. Receiver 200 may then take the average value of the eight estimates for tp^ to improve the Signal- 
to-Noise Ratio (SNR) for tp^. It is noted that, in practice, the average may be based on only four of the estimated values, 
since the noise in the other four solutions is correlated with the noise in the solutions that are used. 

Thus, a vector y^ corresponding to the sought-after phase may be obtained by substituting the estimated values 
40 of the selected four solutions (phases) as follows: 

yi = X4e~ + xee~^*' +X7e~^'' + xa 

45 

^ Qi(WW4)g-j(p. ^gi(W4*7«/4)g-j(p, _^.Qi(5,^4*3,^4)g-jq), ^ q)5«/4 

As was the case for cp2, the arctan of the real and imaginary part of each term of vector y^ leads to a determination 
of the corresponding phase value of tp^. which, for the present illustrative example would turn out to be 57c/4. Similarly, 
55 in practice, the determination would be an estimate of cp^ as was the case for ip^ . 93 and <p^. Accordingly, then, decoder 
230 determines in a conventional manner the actual value of cpi as a function of its estimated value, i.e., decoder 230 
"rounds off" the estimated value to the nearest constellation phase selected for the encoding at transmitter 30, e.g., 
an 8-PSK constellation. 
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As a result of foregoing process, receiver decoder 230 determines the data values respectively represented by 
symbols (pi through (P4. Namely the series of bits 11101010001 assumed above for the present example illustrating of 
the principles of the invention. 

As mentioned above, the pairing of the elements forming each term of each of the above vectors y may be deter- 

s mined by inspection in which the difference between each such pair of elements provides the sought after phase angle. 
It is seen from the above, that each vector comprises a plurality of such terms. Advantageously, then, receiver 200 
may still determine a sought-after phase even though one or more terms forming the associated vector yj were lost for 
whatever reason, e.g.. due to a momentary change in the transmission environment. For example, assume that the 
first three channels are lost such that receiver 200 obtains only eight samples of the information transmitted by trans- 

^o mitter 100 as noted by the following: 

r - = 0. 0. 0. -e . e , e . -e . e 

IS As mentioned above, decoder 230 multiplies r^ by the kemel code used in the decoding of the transmitted data at 

transmitter 100. Even though the first three channels were lost - meaning that the values of samples x^ through X3 
would be zero -- receiver 200, nevertheless, may still recover the values of phase symbols tp^ through (P4 from the 
samples that it is able to generate as illustrated by the following: 

20 



25 



Vs = ^5^*7 + ^6^*8 =^3 



•t^4 'iiPs -itP2 

30 , Vl = ^4® + ^6® + ^7® + ^8 

Advantageously, then, decoder 230, in accord with the principles of the invention, may still recover data that trans- 
mitter 100 transmits via a plurality of channels even though the content of one more of the channels is lost prior to 
being received by receiver 200. 

35 The foregoing is merely illustrative of the principles of the invention. Those skilled in the art wilt be able to devise 

numerous arrangements, which, although not explicitly shown or described herein, nevertheless embody those prin- 
ciples that are within the spirit and scope of the invention. For example, although an illustrative embodiment of the 
invention was discussed in the context of a code of length 8, multiples of that number may be used in systems employing, 
more than eight subchannels, e.g. , sixteen subchannels. In such a system, several codes of length 8 may be interleaved 

40 to modulate the information transmitted over the channels. Such interleaving may be achieved by using one code for 
odd numbered channels and another code for even numbered channels. As another example, for a code tength of 2", 
there will be n+1 encoded phases tpj. which may be applied to the entire code or to alternating ielemems, q o ad s; etc.^ 
Thus, the coding and decoding would be similar to the length 8 code, except for having a different number of phases 
(pj. As a further example, the use of complementary codes in accordance with the principles of the invention is also 

45 applicable to "forward error correction" as well as PAP reduction coding in OFDM systems. It is also possible to do 
fallback rates (decreased data rates with larger coverage) by increasing the code length (using length 16 or 32 codes 
instead of a length 8 code) or by decreasing the number of phases (e.g., using BPSK instead of 8-PSK). 



50 Claims 

1. A method of encoding data for transmission to a receiver comprising the steps of 

selecting a kemel code formed from a predetermined number of bits and applying independent phase rotations. 
S5 ipj, to each of said bits as a function of a predetermined transformation to generate respective complementary 

codes, Bj. 

associating a predetermined number of groups of stored bits with respective ones of said phase rotations, and 



. 7 



BNSOOCtD: <EP 0822690A2> 



EP 0 822 690 A2 



5 2. 

10 3. 
4. 

IS 
20 
25 
30 

5. 

35 6. 

40 

45 7. 

8. 

50 

9. 



converting Ihe connplementary codes into complex vectors, and 

modulating carrier signals using respective ones of said vectors and transmitting the result to a receiver. 

The method of claim 1 wherein said transformation comprises a number of rows corresponding to the number of 
said independent phase rotations and a number of columns corresponding to said predetermined number and 
wherein said step of applying includes the step of applying the phase rotations forming said columns to respective 
ones of the said bits to form said vectors. 

The method of claim 1 wherein said step of associating includes the steps of encoding each of said groups of bits 
as respective phase angles in accordance with gray scale encoding and associating the encoded phase angles 
with predetermined ones of said phase rotations forming said complementary codes. 

The method of claim 1 further comprising at said receiver the steps of 

receiving a composite signal of the modulated signals transmitted by said transmitter and regenerating indi- 
vidual ones of said vectors as a function of the received composite signal, 

applying said kernel code to said regenerated vectors, 

generating a number of vectors, yj, from pairs of elements forming the regenerated vectors, in which one 
element in each of said pair is taken as a complex conjugate so that said one element may be subtracted from 
the other element of the respective pair of elements, said pairing of said elements being performed in accord- 
ance with the contents of a predetermined matrix, 

deriving a respective one of said phase rotations as a function for each subtracted result forming a respective 
one of said vectors, y^ said vectors, y^ being associated with respective ones of said phase rotations, and 

deriving each phase rotation, cp^, not associated with a respective vector as a function of the derived phase 
rotations and a complementary code, Gj^. formed in part by that phase rotation, p^. ^ 

The method of claim 4 further comprising the steps of identifying the groups of bits respectively associated with 
the derived phase rotations. 

A method of encoding data for transmission to a receiver, said method comprising the steps of 

encoding data words that are to be transmitted to said receiver into respective constellation symbols, 

generating a plurality of complementary codes as a function of a selected kernel code and a predetermined 
transformation matrix of said constellation symbols, and 



modulating a plurality of carrier signals with vectors representing respective ones of said comprementary^Ddes " 
and transmitting said carrier signals to said receiver. 

The method of claim 6 wherein said transformation matrix comprises a number rows corresponding to the number 
of said constellation symbols and a number of columns corresponding to the number of said complementary codes. 

The method of claim 7 wherein said step of encoding includes the steps of encoding each of said data words into 
respective phase angles in accordance with gray scale encoding and associating the encoded phase angles with 
predetermined ones of said constellation symbols. 

The method of claim 7 further comprising at said receiver the steps of 

receiving a composite signal of the modulated carrier signals transmitted by said transmitter and regenerating 
individual ones of said vectors as a function of the received composite signal. 

applying said kernel code to said regenerated vectors to generate vector elements representing individual 
ones of said complementary codes, 
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forming, in accordance with a predetermined encoding matrix, pairs of said elements and associating individual 
ones of said pairs with respective ones of said constellation symbols, in which one element in each of said 
pair is taken as a complex conjugate so that said one element may be subtracted from the other element of 
the respective pair of elements, 

5 

deriving individual ones of said constellation symbols as a function of the subtracted result obtained from the 
associated ones of said pairs of elements, and 

deriving each constellation symbol, tp^. not associated with any one of said pairs as a function of the derived 
constellation symbols and a complementary code, 8^, formed in part by that constellation symbol, <p^. 

10. The method of claim 9 wherein said constellation symbols represent respective phase angles, and wherein said 
step of deriving as a function of the subtracted result includes the steps o* uetefmiriiny an angie ror each of said 
subtracted result and associating the determined angle with the closes one of the phase angles and thus a re- 

15 spective one of the constellation symbols. 

11. The method of claim 10 further comprising the step of identifying the data words respectively associated with the 
derived constellation symbols. 

20 12. A transmitter for transmitting encoded data to a receiver, said transmitter comprising 

means for encoding data words that are to be transmitted to said receiver into respective constellation symbols, 

means for generating a plurality of complementary codes as a function of a selected kernel code and a pre- 
25 determined transformation matrix of said constellation symbols, and 

means for modulating a plurality of carrier signals with vectors representing respective ones of said comple- 
mentary codes and transmitting said carrier signals to said receiver. 

30 13. The receiver for receiving encoded data from a transmitter, said receiver comprising - 

means for receiving a composite signal of a plurality of signals transmitted by said transmitter and regenerating 
individual signal vectors as a function of the received composite signal, 

means for applying a predetermined kemel code to said regenerated vectors to generate vector elements 
representing individual ones of said complementary codes. 

means for forming, in accordance with a predetermined encoding matrix, pairs of said elements and associating, 
individual ones of said pairs with respective ones of constellation symbols, in which one element in each of 
said pair is taken as a complex conjugate so that said one element may be subtracted from the other element 
of the respective pair of elements. • 

means for determining individual ones of said constellation symbols as a function of the subtracted result 
obtained from the associated ones of said pairs of elements, and 



45 



means for determining each constellation syrxibol, (p^, not associated with any one of said pairs as a function 
of the derived constellation symbols and a complementary code, B^, formed in part by that constellation symbol, 
<Pn- 



so 



55 
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(54) Coding for the reduction of peak to average power ratio in multicarrier modulation systems 



(57) The encoding/transmission of information in an 
OFDf^ system is enhanced by uscng complementary 
codes. The ccariplementary codes. rTK>re particularly 
are converted into phase vectors and the resulting 



phase vectors are then used to modulate respective car- 
rier signals. The modulated raauU is then transrrtitted to 
a receiver which decodes the received sigTi^ls to recov- 
er the encoded information. 
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Description 

FIELD OF THE INVENTION 

5 The invention relates to the modulation of data for transmission in a digital communications system. 

BACKGROUND OF THE INVENTION 

In a system employing Orthogonal Frequency Division Muttiplexing (OFDM), groups of kN bits are typically trans- 
10 mitted simultaneously over N subchannels, with K bits per channel using some form of Quadrature Amplitude Modu- 
lation If N is made large enough at a constant bit rate, then a subchannel may experience minimum intersymbol 
interference, but may still be subject to narrowband fading. The effect of such lading may be different for each subchan- 
nel Also when N sinusoidal signals respectively defining the subchannels are summed with the same phase for trans- 
mission in an OFDM system, the result creates a peak-to-average power (PAP) ratio that is typically N times larger 
15 than the average power level used in the transmission of a single symbol. Because of this, an OFDM transmitter has 
to use a linear power amplifier having a large 'backoff coaesponding to the PAP ratio 

Disadvantageously. then, a decrease in efficiency occurs as the PAP ratio increases. This problem is especially acute 
when OFDM is used in portable devices where power efficiency is a key concern. 

20 SUMMARY OF THE INVENTION 

We have recognized that the aforementioned problem may be dealt with using so<alled complimentary codes that 
have been modified in accord with particular phase modulation. Specifically. M input phases, e.g.. four phases, directly 
related to input data may be encoded into N. e.g.. eight, output phases associated with respective earner signals, m 
25 which a phase shift, 6^, is applied to a carrier (subchannel) to achieve a low PAP ratio, e g.. 3 dS. 

A receiver receiving the transmined signal demodulates the N earners and. by using a fast Fourier transform . 
obtains N vectors respectively defining the N phases and thus the input data. In the event that a number of carrier 
signals, e g., three, are lost during the transmission, the input data may still be recovered in accord with an aspect of 
the invention. 

30 These and other.aspects of the invention will be appreciated from the ensuing detailed descnptionwhen read .n 

conjunction woh drawings. 

BRIEF DESCRIPTION OF THE DRAWINGS 

35 In the drawings: 

FIG. 1 illustrates m block diagram form a wireless system composed of a transmitter and receiver arranged in 
accord with the principles of the invention: and 

40 FIG 2 illustrates in more detail the receiver of FIG ^ 

DETAILED DESCRIPTION "*^" 

In accordance with an illustrative embodiment of the invention, a set or sequence of complimentary codes of a 
-ts desired length, e.g.. a length 6 code, may be generated starting with a so-calied kernel of the desired length. One 
possible kernel for generating codes of length 8 may be. for example, the senes (ill -ni -i 1 ) (The rules for generating 
a kernel are discussed m the article entitled "Complementary Series", by M. J. E. Golay. published in the IRE Trans- 
actions on information Theory, vol. IT-T. pp. 82-87 April. 1961 which is hereby incorporated by reference ) Once a 
particular kernel has been selected, then independent phase rotations are applied to the elements (bits) forming the 
50 selected kernel. This may be done using a particular transformation comprising, e.g., eight columns, each column 
having a different group of individual ones of a predetermined number of phases, e g. . four phases . tPj' a^^j 04. 
as follows 
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(p, (pi cpi (pi <pi cpi (p, q)i 

cpaOcpaOcpaOcpsO 

(P3 <p3 0 0 (p3 (p3 0 0 

(p4 94 94 <P4 0 0 0 0 

The phase angles (also referred to herein as consteflation symbols or just symbols). <pi. formrng each of the columns 
are then applied to the elements of the kernel to form a complementary code, as shown by the following expression: 

c=(e .e .e .-e ,e .e .e ) (1) 

The vectors forming the complementary code may be represented by respective output phases 9^ through Gg and 
may be formed as illustrated by the following transformation derived in accordance with equation l 

«4 = <Pi + (p^ + 71 

= to, <i>2 <P3 

The eight phases B, through Bq may then be used to respectively modulate eight OFDM subcarners as is done 
conventionally in an OFDM system, as discussed below. 

Specifically, assume that OFDM transmitter 100. FIG 1 . embodying the principles of our invention receives via 
encoder circuit 30 a stream of data bits from a source ot data bits 25 Encoder circuit 30. which may be. for example, 
a conventional digital signal processor, partitions the data stream as it is received into successive groups of twelve 
bits each group and stores each such group as it is formed in internal memory (not shown) Encoder circuit 30 then 
unloads a group of stored data bits from the internal memory, encodes the data bits in accordance with the principles 
of the invention and supplies the result to Inverse Fast-Fourier Transform (IFFT) processor 40. Encoder circuit 30. 
more particularly, first encodes the group of twelve bits that it unloads from internal memory into, for example, four 
3-PSK (phase shift keying) phases as is done conventionally for 6-PSK in general. For example, subgroups of three 
bits (also referred to herein as a data word) may be converted to B-PSK using so-called Gray scale encoding such that 
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the subgroup 0.0,0 is encoded as 0: 0.0.1 is encoded as n/A. 0.1.1 as n/2. and so on as illustrated by the following 
translation table. 



5 



10 



bits 


phase 


000 


0 


001 


rt/4 


Oil 


71/2 


010 


3il/4 


110 


K 


111 


5ic/4 


101 


6it/4 


100 


7n/4 



Encoder circuit 30 associates the four subgroups of data bits of a group with a respective one of the constellation 
symbols cp^. That is. encoder 30 associates the first subgroup of three bits of a group of bits with the symbol <Pi, and 
associates the next (second) subgroup of three bits with the symbol tpj. and so on. For example, assume that a group 
IS composed of the following series of bits: lllOlOlOOOi. The subgroup encoding and ip, symbol associations based 
on the above translation table stored in memory would be as follows: 



25 



111 i 


5;i/4 


<Pi 


010 


3;t/4 


<P2 


100 \ 


7jt/4 


<P3 


001 : 


jt/4 


<P4 



Encoder circuit 30 then generates fi, through Gq in accord with the above transformations for (f,. For example, as 
indicated above 0^ = tp^ ^ (Pj + ^ cp4. then, for the present illustrative example, e, = Sn/A ^ 3n/4 + 7tc/4 ^ it/4. Similarly. 
B2 = Sn/4 ^ 771/4 + 71/4. 63 = 571/4 + 3k/4 + ff/4: and so on Note that the values of symbols <p, through n>^ would be 

:iO different for a subgroup having a different combination of twelve bits. e.g.. OOOlOl 11OOII . Rbwever. nouahat symt>ol - ^ 
q>v regardiess-of its value, is associated with the first subgroup of bus of a group, and symbol is associated with 
the last subgroup of bits of that group .When encoder circuit 30 has completed the generation of the eight phases B, 
through Bq, it then supplies the values for those phases to IFFT processor 40, which may be. for example, a conventional 
digital signal processor (DSP). Moreover, the DSP that implements the encoder 40 function may be programmed to 

3S also implement the IFFT 40 function. IFFT processor 40. more particularly converts the data from the time domain to 
the frequency domain using the inverse of the Fast Fourier transform to generate respective phase vectors. Processor 
40 then modulates a plurality, e.g.. eight, digital earners respectively using the values of the eight phase vectors. formed 
by through Bg. That is. IFFT processor 40 modulates a carnerj (channelj) using the value of a respective phase vector 
ippT processor 40 then outputs the result to conventional analog to digital converter circuit 45. which converts the 
digital signals it receives from IFFT processor 40 to analog signals The analog signals are then supplied to FIF trans- 
mitter 50 which modulates the analog signals onto an RF earner e.g.. a 5 2 GH3 carrier, and suppliesUie result to 
antenna 55 for transmission to wireless type receivers, e g., receiver 200 Encoder circuit 30 (OFDM transmitter 100) 
then goes on to similarly process the next the group of data bits stored in the aforementioned internal memory. 

Receiver 200. FIG 2. more particutarty includes a conventional RF section 230 for receiving the resulting composite 

^5 signal via antenna 256 and processing (downconverting) the signal in a conventional manner as it is received The 
processed result is then supplied to conventional analog to digital converter 245 which converts the processed result 
to corresponding digital signals. The digital signals are then supplied to Fast Fourier Transform (FFT) processor 240 
which demodulates the N carriers. Processor 240 does this by perlorming a FFT on the digital signals supplied by 
converter 245. The output of FFT processor 240 comprises N (where fvi = eight for the present illustrative example) 

50 vectors (in-phase and quadrature samples), representing the amplitudes and phases of the N different subchannels, 
as illustrated by the following expression: 

(Sr..4.'.. 3Tt./4 * 7ji/4 4- it/4) i(5n/4 ^7:ifd * Ji/4) _i<Srt/4 * 3rt/4 ♦ r/4) 

r. r e . e . e 

I 

,(5R/4*a.4) i(S«'4*3»t/4 * 7ji/4> i(5ii.'4 * 7n/4) HSk.A * i5rt'4 
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The N vectors are supplied to decoder 230 which then decodes the output of the FFT to determine the values of 
the respective phase symbols Such decoding, in accord with an aspect of the invention, is applied to alternating 
elements of the complementary code in which each of the complex odd samples of the FFT output is multiplied against 
a paired complex conjugate of the even samples. A summation of the result of each multiplication forms a vector which 
has the value of the sought-after phase angle (symbol cp,). This procedure may be followed (or even and odd pairs of 
the samples as well as quads, etc. Decoder 230. more particularly and in accordance with this decoding technique, 
combines r; with a complex conjugate of the kernel code used to form the complementary code in the encoding of the 
group of data bits at the transmitter One such kernel code may be. for example, {ill -in -11}. as mentioned above. If 
that is the case, then and tj are inverted - meaning that the sign of the resulting multiplication tor and fj is positive. 
(For notatlonal purposes, the following equates the received digital signals (samples) with x^. respectively.) Decoder 
230 then generates three vectors yj, ^4 ^® ^ function of respective ones of the digital samples Xj. 

tsAore specifically, and as discussed above, transmitter 1 00 encodes phases to ip^ into eight phases 6^ through 
in Bc^^rd wi^h the atorementioned trsnsfcrmsticn. In 3dditicri, rcc sivsr 200 rerTiOvss ths efiect of trie kerne! code 
on the received signal by multiplying the elements of vector by the kernel code and expressing the phase encoding 
in matrix form as follows: 



e = Ad) 



20 



where e and <p are vectors containing the values of the eight phases and four ip- phases and A is an encoding matrix 
as follows: 
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'1 


I 


1 


r 


1 


0 


I 


I 


1 


I 


0 


I 


1 


0 


0 


I 


I 


1 


I 


0 


1 


0 


1 


0 


1 


I 


0 


0 


1 


0 


0 


0 



Using the mainx. receiver 200 may then determine the values of the encoded phases cp^ from the measured phases 
e, by determining a least-squares solution for the linear equations represented by the matrix as follows: 



JO 



45 





-1 


0 


0 


1 


0 


1 


1 


2; 


_ ^_ 


1 


-1 


1 


-1 


1 


-1 


1 


-1 


~ 4 


1 


1 


-1 


-1 


1 


1 


-1 


-1 




1 


1 


1 


1 


-1 


-1 


-1 


-1 



Where P is the pseudo- inverse of A and superscript T denotes a matrix transpose Unfortunately, such equations are 
50 not completely linear since the phase values are modulo 2n. Because of this, the above method cannot be applied 
directly to determining the values for tpj. However an inspection of the A-matrix reveals that the phases tpg. 
may be determined as a summation of 4 subtracted fi; pairs, as mentioned above For example, each of the subtractions 
«i-H2 «3-H4, Bs-Hg and e7-H8 provide a value tor tpg A preferable way to get the phase difference between two vectors 
ts to multiply one vector with the complex conjugate of the other vector Doing so leads to the inventive decoding 
55 procedure in which three vectors yj, Xaare determined as follows: 



y^ = x,x-2 ^ X3X*^ ^ x^x\ + X^X'q 
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y3 = X,X-3 -fXjX^ +XsX-7 ^XeX'g 



's + XjX'e+XjX'^ *x^x*a 



where • means complex conjugate and where the arctan of the angle between the real and imaginary parts of each 
term respectively forming vectors yj through y, provides the value of the corresponding phase symbol <92 through <P4, 
respectively (It is noted that the decoding technique used to derive the pairing of the elements forming each term of 
each of the above vectors may also be determined by inspection in which the difference between each pair of elements 
provides the value of the sought after phase angle.) For example, the value of vector yj is determined as follows (or 
the instant illustrative example of the invention; 

y _ (o<5«'** 3«/* * 7fi* ♦ 1^4) ♦ 7«'4 ♦ «^4)j ^ ^* * "'^^ 

^H(5«/W4)j ^ ^^5«^4* 3,^4 ♦7^4) ^1(5^4*7,^4)^ ^ ^qKS-/4* 3^4) 



A determination of the value of each term of vector yj thus leads to a determination of the phase value of Oz- whicfv 
25 for the present illustrative example is 3r/4. In practice, the determination would be an estimate of Decoder 230 
deal with that problem by "rounding off the estimated value to the nearest constellation phase selected for the encoding 
at transmitter 30 e g 8-PSK constellation, to generate a more accurate value for ipj. 

Decoder 230 then similarly generates phase estimates o( .pj and as a function of vectors yj and y4, respectively, 
and -rounds off" those estimates in a similar manner Doing so, yields, .n accord with the present illustrative example. 
30 phase values of 7it/4 and re/4 tor is>j and <p4. respectively. *" »-» _ , 

- Once decoder 230 has determined the phase values o( Vj. ^3 and V4 « "laV determine the value oi «>, 
However note that the phase <p, is present in all 6; equations as illustrated by the above transformation table Conse- 
quently .p, cannot be expressed as a subtraction of two 8; values, as was done for the other phases. However, since 
all phases except for can be determined in the manner discussed above, then the values (or those phases can 
35 simply be substituted in the ttj equations to create eight equations with only one unknown as one way of obtaining eight 
estimates for m), Receiver 200 may then take the average value of the eight estimates for ^, to improve the Signal- 
to-Noise Ratio (SNR) fofip,. It is noted that, in practice, the average may be based on only four of the estimated values, 
since the noise in the other four solutions is correlated with the noise in the solutions that are used 

Thus, a vector y, corresponding to the sought-after phase may be obtained by substituting the estimated values 
40 of the selected four solutions (phases) as follows: ^ 

y,=x.e"-''^-*x.e""''^+Xre"-'''*Xe 

J5 

^g«W4*,^4)g-j<P. ^Qj(W4*7,^4)g-j<P, ^^(W4*3.rf4,g-jq), ^^15,1^4 



As was the case (or ipj, the arctan of the real and imaginary part of each term of vector y, leads to a determination 
o( the corresponding phase value of o, , which, (or the present illustrative example would turn out to be 5jt/4. Similarly. 
55 in practice, the determination would be an estimate of o, as was the case for <p, ^pj and <P4. Accordingly, then decoder 
230 determines in a conventional manner the actual value o( as a (unction ot its estimated value, i.e decoder 230 
•rounds off- the estimated value to the nearest constellation phase selected (or the encoding at transmitter 30 a g . 
an 8-PSK constellation 
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As a result of foregoing process, receiver decoder 230 determines the data values respectively represented by 
symbols q>i through (P4. Namely, the series of bits Iil0l010001 assumed above (or the present example illustrating of 
the pnnciples of the invention. 

As mentioned above, the pairing of the elements forming each term of each of the above vectors y; may be deter- 
mined by inspection in which the difference between each such pair of elements provides the sought after phase angle. 
It is seen from the above, that each vector yj comprises a plurality of such terms. Advantageously then, receiver 200 
may still determine a sought-after phase even though one or more terms forming the associated vector yj were lost for 
whatever reason, e.g.. due to a momentary change in the transmission environment. Por example, assume that the 
first three channels are lost such that receiver 200 obtains only eight samples of the information transmitted by trans- 
mitter 100 as noted by the following: 

= 0, 0. 0. -e , e . e . -e . e 

As mentioned above, decoder 230 multiplies r- by the kernel code used in the decoding of the transmitted data at 
transmitter 100. Even though the first three channels were lost - meaning that the values of samples x, through X3 
would be zero - receiver 200. nevertheless, may still recover the values of phase symbols cp, through from the 
samples that it is able to generate as illustrated by the following: 

y3 = XgX-^ * XgX-g = 

y4 = '^aX's = 

•j*p4 -i«p3 -i«*>2 
y^^x^e +Xge x^e + Xg ^ 

Advantageously, then, decoder 230.' in accord with the principles of the invention, may still recoverdata that trans- 
mitter 100 transmits via a plurality of channels even though the content of one more of the channels is lost prior to 
being received by receiver 200 

The foregoing is merely illustrative of the principles of the invention. Those skilled in the art will be able to devise 
numerous arrangements, which, although not explrcitly shown or described herein, nevertheless embody those prin- 
ciples that are within the spirit and scope of the invention. For example, although an illustrative embodiment of the 
invention was discussed in the context of a code of length 6. multiples of that number may be used in systems employing 
more than eight subchannels, e.g. . sixteen subchannels. In such a system, several codes of length 8 may be interleaved 
to modulate the information transmitted over the channels Such interleaving may be achieved by using one code for 
odd numbered channels and another code tor even numbered channels As another example, for a code length of 2". 
there will be n+1 encoded phases io^. which may be applied to the entire code or to alternating 'etemer>f&--Quads=elc. 
Thus, the coding and decoding would be simitar to the length 8 code, except for having a different number ot phases 
tPj As a further example, the use of complementary codes in accordance with the principles of the invention is also 
applicable to "forward error correction" as well as PAP reduction coding in OFDM systems It is also possible to do 
fallback rates (decreased data rates with larger coverage) by increasing the code length (using length 16 or 32 codes 
instead of a length 3 code) or by decreasing the number ot phases (e.g.. using BPSK instead of 8-PSK) 



Claims 

1. A method of encoding data for transmission to a receiver comprising the steps of 

selecting a kernel code formed from a predetermined number of bits and applying independent phase rotations. 

to each of said bits as a function of a predetermined transformation to generate respective complementary 
codes Hj. 

associating a predetermined number of groups of stored bits with respective ones of said phase rotations and 
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converting the complementary codes into complex vectors, and 

modulating carrier signals using respective ones of said vectors and transmining the result to a receiver 

s 2. The method of claim 1 wherein said transformation comprises a number of rows corresponding to the number of 
said independent phase rotations and a number of columns corresponding to said predetermined number, and 
wherein said step of applying includes the step of applying the phase rotations forming said columns to respective 
ones of the said bits to form said vectors, 

10 3. The method of claim 1 wherein said step of associating includes the steps of encoding each of said groups of bits 
as respective phase angles in accordance with gray scale encoding and associating the encoded phase angles 
with predetermined ones of said phase rotations forming said complementary codes 

4. The method of claim i further comprising at said receiver the steps of 

15 

receiving a composite signal of the modulated signals transmitted by said transmitter and regenerating indi- 
vidual ones of said vectors as a function of the received composite signal 



20 



applying said kernel code to said regenerated vectors, 

generating a number of vectors, yj. from pairs of elements forming the regenerated vectors, in which one 
element in each of said pair is taken as a complex conjugate so that said one element may be subtracted from 
the other element of the respective pair of elements, said pairing of said elements being perlormed in accord- 
ance with the contents of a predetermined matnx. 

25 

deriving a respective one of said phase rotations as a function for each subtracted result forming a respective 
one of said vectors, y^ said vectors, y,, being associated with respective ones of said phase rotations. <Pj, and 

deriving each phase rotation. tp„. not associated with a respective vector as a function of the derived phase 
30 rotations and a complementary code. e^. formed in part by that phase rotation, tp^. ^ — * ^ . . . - 

S. The method of claim 4 further'comprising the steps of identifying the groups of bits respectively associated with 
the derived phase rotations. 

05 6. A method of encoding data for transmission to a receiver, said method comprising the steps of 

encoding data words that are to be transmitted to said receiver into respective constellation symb.ols. 

generating a plurality of complementary codes as a function of a selected kernel code and a predetermined 
JO transformation matrix of said constellation symbols, and ^ 

modulating a plurality of carrier signals with vectors representing respective ones of said compiernentary codes 
and transmitting said carrier signals to said receiver 

J5 7. The method of cJatm 6 wherein said transformation matrix comprises a number rows corresponding to the number 
of said constellation symbols and a number of columns corresponding to the number of said complementary codes. 

8. The method of claim 7 wherein said step of encoding includes the steps of encoding each of said data words into 
respective phase angles in accordance with gray scale encoding and associating the encoded phase angles with 

so predetermined ones of said constellation symbols 

9. The method of claim 7 further comprising at said receiver the steps of 

receiving a composite signal of the modulated carrier signals transmitted by said transmitter and regenerating 
55 individual ones of said vectors as a function of the received composite signal. 

applying said kernel code to said regenerated vectors to generate vector elements representing individual 
ones of said complementary codes. 
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forming, in accordance with a predetermined encoding matrix, pairs of said elements and associating individual 
ones of said pairs with respective ones of said constellation symbols, in whtch one element in each of said 
pair is taken as a complex conjugate so that said one element may be subtracted from the other element of 
the respective pair of elements. 

deriving individual ones of said constellation symbols as a function of the subtracted result obtained from the 
associated ones of satd pairs of elements, and 

deriving each constellation symbol. t|)„. not associated with any one of said pairs as a function of the derived 
constellation symbols and a complementary code. Q^^. formed in pan by that constellation symbol. <p„. 

10. The method of claim 9 wherein said constellation symbols represent respective phase angles, and wherein said 
step of deriving as a function of the subtracted result includes the steps oJ determining an anyle for each of said 
subtracted result and associating the determined angle with the closes one of the phase angles and thus a re- 
spective one of the constellation symbols. 

11. The method of claim 10 further comprising the step of identifying the data words respectively associated with the 
derived constellation symbols. 

12. A transmitter for transmitting encoded data to a receiver, said transmitter comprising 

means for encoding data words that are to be transmitted to said receiver into respective constellation symbols. 

means tor generating a plurality of complementary codes as a function of a selected kernel code and a pre- 
determined transformation matrix of said constellation symbols, and 

means for modulating a plurality of carrier signals with vectors representing respective ones of said comple- 
mentary codes and transmitting said carrier signals to said receiver. 

13. The receiver for receiving encoded data from a transmitter, said receiver compnsing 

means for receiving a composite signal of a plurality of signals transmitted by said transmitter and regenerating 
individual signal vectors as a function of the received composite signal. 

means for applying a predetermined kernel code to said regenerated vectors to generate vector elements 
representing individual ones of said complementary codes. 

means for forming, in accordance with a predetermined encoding matrix, pairs of said elements and associating 
individual ones of said pairs with respective ones of constellation symbols, in which one element in each of 
said pair is taken as a complex conjugate so that said one element may be subtracted from the other element 
of the respective pair of elements. ' 



means for determining individual ones of said constellation symbols as a function of the subtracted result 
obtained from the associated ones of said pairs of elements, and 

means for determining each constellation symbol. not associated with any one of said pairs as a function 
of the denved constellation symbols and a complementary code. formed in part by that constellation symbol. 
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